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Abstract: Regardless the level of technological development in a community, the 

unavoidable phenomenon is the appearance of queuing. This situation will continue as long 

as there is the customer’s need for the direct contact with the service suppliers, as the case 

is in the Post of Serbia. The aim of the paper is to estimate the time a customer will spend 

in queuing while approaching the counter for financial services in a postal network unit. 

The observed system comprises a single queue, three handling channels and the service 

according to the FIFO principle. This paper presents a developed model that is realized in 

the following phases: recording data, preparing data for training, training the neuro-fuzzy 

system, forming a data set for testing where the expected mean service speed is obtained 

using the moving average method, and testing the neuro-fuzzy model. Observing the mass 

service system has so far been directed towards, the evaluation of their behaviour in the 

past which presents a basis to evaluate whether the system provides satisfactory 

performances. This paper moves a step in the direction of the behaviour evaluation of a 

mass service system, in the future, in order to observe whether it is possible to predict the 

service quality level to be provided to a customer. System customer in this case is not 

limited by the number of demanded services. 
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1 Introduction 

Inspired by the fact that the contemporary research of the mass service systems 

has been directed towards the system analysis in the past, as well as the 

significance of the system behaviour in the future and the possible application in 

the estimated queuing time (for providing the adequate level of service and the 
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engagement of the necessary resources), we have decided to apply the 

combination of all the existing methods to a postal network unit in the Post of 

Serbia. This paper presents what can be considered an innovative method 

presenting the combination of the two known methods, ANFIS approach and 

moving average method. Previous approaches were only based on one method, 

e.g. on the mass service theory or Monte Carlo method, see [1, 26]. Since the 

method presented in the paper introduces the combination of the ANFIS approach 

and the moving average method, we expect that this method or a modification of it 

will find the application both in other postal units and everywhere else where 

queuing is a regular phenomenon. In order to realize the mass service system 

management in the real time, the dataset that trained the model in ANFIS has been 

modified using the moving average method with the goal to estimate the system 

behaviour, which can be considered a step forward in comparison to previous 

research. 

Mass service system managers are faced with the issue of providing an optimal 

relationship between the engaged resources and the time spent by the customer in 

order to realize their own demands. Тhe satisfaction with the waiting time is not 

only a determinant for the satisfaction with the service; it also moderates the 

relation satisfaction – loyalty [6]. 

The traditional standpoint in the mass service theory is aimed at the optimal 

determination of the handling channel, where the customer is seen as an external 

factor. However, more attention is devoted recently to customer behaviour and 

unification of behavioural aspects, as well as studies dealing with service 

operations. The impact of waiting on the evaluation of service presents the main 

focus in numerous papers [5, 9, 18, 28, 31]. 

The question for queue management is not only the real time spent by a customer 

in a queue, it is also the customer’s perception of that time and the related level of 

their satisfaction with the service [8]. Information on the waiting time has a 

positive impact on the customer’s satisfaction with the waiting time [6]. 

After the realized service, the customer knows the waiting time spent and they use 

the experience to adjust their view on the average waiting time in a visited facility. 

Following it, one can present the customer’s degree of satisfaction as a quotient of 

the acceptable and the expected waiting time based on the previous experience 

[30]. If a customer is provided with the information on the expected waiting time, 

their acceptable waiting time will be close to the expected time, since that 

information would influence the decision whether to approach the system or not at 

a certain period of time. 

The problem that service providers have to deal with and that leads to alternate 

service quality is observed in the fluctuation of service demands. Solving the 

problem can lead, in one hand, to the development of more flexible systems 

(during the peak load additional resources are included), or on the  hand, it can 

influence the customer’s motivation by providing more satisfactory service 
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realization conditions during low demand periods [6]. Likewise, coordinating 

demands and capacities will allow for the utilization of diverse strategies for the 

queue organization, considering their configuration or the formation of a certain 

ambient, so that waiting can be more interesting and more bearable [34]. 

When waiting time estimation is considered, the research in call centres has been 

directed towards queuing in the FIFO system [3, 10, 11, 14, 32]. 

Services realized by traditional postal operators are characterized by 

heterogeneity, which is a consequence of different contents of postal items, as well 

as a wide range of financial services (payments out and payments in from bank 

accounts, agents work for the benefit of banks, advice on receipts, etc.). The 

demand for services provided by traditional postal operators has a stochastic 

character and it cannot be accurately determined since it fluctuates in intensity 

over time and space. These oscillations regarding service demands hamper 

technological processes in terms of providing adequate resources for their 

implementation. 

According to the Law on payment transactions [25], the public postal operator in 

Serbia is allowed, in addition to providing postal services, to provide financial 

services as well. The banking sector as a competition to the public postal operator 

in the field of financial services is concentrated mainly on the segment of 

customers who are creditworthy. It is very important to include the segments of 

population that are not of interest to the banks. Considering this, the state has the 

venue for the financial inclusion through the public postal operator. As a 

consequence, the financial availability is reflected in adjusting prices to the 

solvency of the population segments that are the target area of the financial 

inclusion. The prediction of the waiting time in postal network units is of great 

importance in order to ensure adequate capacity for providing these services. 

Likewise, in order to offer a higher quality to the financial service beneficiaries, it 

is essential for them as well to be provided with the information on the queuing 

time, which is the research topic discussed further in the paper. 

The paper is organized in the following manner: second section contains the 

analysis of the existing conditions in a postal network unit, the third section 

contains a proposition for a model for waiting time estimation, and the last section 

provides the conclusion with the directions for future research. 

2 Condition Analysis in a Postal Network Unit 

Data acquisition was conducted by recording queuing in a postal network unit for 

providing services to customers. The observed postal unit included counters for 

financial services, as well as counters for the reception and delivery of postal 

items. The selected postal unit is located in a residential neighbourhood, as well as 
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in the area with a wealthy number of diverse contents (green market, shopping 

mall and school). Accordingly, beneficiaries were both the people living in the 

area, as well as visitors to the green market, shopping mall, etc. Based on the 

above, it can be considered that the observed postal unit is a representative unit for 

providing customer service since it is not focused only on a specific segment of 

customers and since the users of financial services form a single queue. 

The objective of the research refers to the counters for the implementation of 

financial services, so they were in the focus of the recording. Considering the fact 

that the volume of financial services is the highest in March and December [22, 

23, 24], the recording was completed in the period of two weeks in December 

(from December, 6 to December, 18), i.e. the period of 12 working days. Working 

hours of the post office is from 7:00 am to 7:00 pm on weekdays and from 7:00 

am to 2:00 pm on Saturdays. The observed system includes three handling 

channels, with a single queue and the service carried out according to the FIFO 

principle. The recording included the number of 5727 system customers. 

Following the Kendall’s notation queuing theory, the system can be classified as 

M/G/3. 

Testing the input stream of customers was realized according to days in Statistica 

10 (StatSoft software package). An example for the first day is provided in Table 

1. It can be observed that the widths of the classes are defined in the periods of 50 

seconds. Table column Observed Frequency presents the recording frequencies, 

while the column Expected Frequency presents the theoretical frequencies of the 

observed classes for exponential distribution. 

Table 1 

Testing the compatibility of the input stream with the exponential distribution 

 

The header of the table presents the values of χ
2
 test, the number of degrees-of-

freedom, and the resulting p – value. Based on the provided p-value of 0.07217, it 

can be observed that the distribution of the input stream for the first day 

corresponds to the exponential distribution at the significance level of 0.05. Figure 

1, presents graphical interpretations of recorded data for the presented day. 
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Figure 1 

Graphical overview of the input stream of clients during the first day 

Investigations were carried out for the remaining days as well, and the results 

obtained are shown in Table 2. Based on the results shown in Table 2, it can be 

concluded that the mid-intervals of the input streams of customers (time flow 

between successive arrivals of customers) during the observed days in nine cases 

correspond to the exponential distribution with the reliability level of 95%, i.e. p-

values are lower than 0.05 in three cases out of the observed 12 days. 

Table 2 

p-values of the input streams of customers in testing the compatibility with exponential distribution 

Days 1 2 3 4 5 6 7 8 9 10 11 12 
p-values 0.072 0.428 <10-5* 0.23 0.12 0.015* 0.174 0.161 0.55 0.662 0.186 2·10-4* 

By integrating the acquired data for the observed period, it is clear that the time 

intervals of mid-arrivals in the input stream of clients correspond to the 

exponential distribution with the parameter λ = 1.026 customer/min, with the 

reliability level of 95% (i.e. p-value equals 0.0964). 

 

Figure 2 

Distribution of service speed for the observed period of 12 days 
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After examining the compliance of the input data stream, the next to be tested was 

the service itself. It was established that the unified service for the observed period 

tends towards the log-normal distribution with the parameters a = 4.722 and b = 

0.153 (Figure 2), with the reliability level of 99% since the low p-value of 0.02 

was acquired. As for the data acquired for the observed days in 5 cases, after 

testing the compatibility with the log-normal distribution, it can be observed that 

the obtained p-values are lower for 0.01 (Table 3), whereas in other cases it can be 

considered that the service level corresponds to the log-normal distribution. 

Table 3 

p-values of the input streams of customers in testing the compatibility with log-normal distribution 

Days 1 2 3 4 5 6 7 8 9 10 11 12 
p-values 0.042 0.338 0.099 0.076 0.051 0.023 0.007* <10

-5
* <10-4* 0.001* 0.027 <10

-5
* 

We can say that the precise analysis on the system with the form M/G/n is 

extremely demanding since the non-Markovian processes are happening inside the 

system, hence the formulas for calculating the system parameters that are widely 

applied in the cases of, for example, M/M/n systems, cannot be applied in this 

case. The observed system is characterized by heterogeneity, which is a 

consequence of different contents of postal items, as well as a wide range of 

financial services (payments out and payments in from bank accounts, agents 

work for the benefit of banks, advice on receipts, etc.). The demand for services 

provided by traditional postal operators has a stochastic character and it cannot be 

accurately determined since it fluctuates in intensity over time and space. In 

practice, the most commonly applied analysis is the approximation or simulation 

(as in the case of call centres [33, 35]). Concerning the observed system, the 

situation is even more complicated with the number of active handling channels 

altered during the observed interval. Differently from call centres, postal clerks are 

in a direct contact with service users and the overall ambient created in the counter 

hall. As a consequence, the working performances of clerks are exposed to the 

influence of the phenomenon of congestion which may lead to their working 

deterioration (clerks’ fatigue) or improvement (striving to perform the job better to 

eliminate the occurrence of congestion). Likewise, the customer’s possibility to 

claim an unlimited number of services further complicated the observance of the 

system. Considering the complexity of the observed system, i.e. the uncertainty 

and stochasticity as its properties, the research was focused on the development of 

a model based on the neuro-fuzzy approach for the evaluation of the waiting time. 

3 Proposition for a Model 

The main results are presented in this section of the paper. It describes the 

theoretical basis for the model created with ANFIS. After that, there is a 

proposition for a model for estimating the waiting time. The preparation of data 

for training ANFIS is realized. Training ANFIS is carried out by the fuzzy logic 
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toolbox, Matlab R2007b. It is followed by the data preparation for model testing. 

The test results are presented by RMSE (root mean square error), the coefficient of 

determination and the distribution of error values (differences between simulated 

and recorded values). At the end of this chapter, the average waiting time per each 

day is observed, as well as the movement of the queue length in selected days. 

3.1 Neuro-Fuzzy Systems 

Different techniques of artificial intelligence have been developed to solve 

problems of the real world using intelligent systems that possess skills similar to 

human skills in certain domains. Among them, fuzzy logic and neural networks 

are the most popular and widely applied in industrial applications [4, 15, 16, 17, 

20, 21]. Fuzzy logic systems are widely applied in transportation engineering [29]. 

Adaptive Neuro-Fuzzy Inference System is a multi-layer adaptive network based 

on the fuzzy inference system [13]. ANFIS is a fuzzy inference system that can be 

trained on the basis of the acquired input-output data. The training method allows 

the system to adjust its parameters in order to perceive the input-output 

relationship hidden in the data set. Since it comprises two approaches (neural 

networks and fuzzy modelling), the appropriate inference in the quality and the 

quantity can be achieved [2]. 

In the case of the Sugeno fuzzy model of the first type with two inputs x and y, the 

rules are given in the following form: 

Rule 1: if x is A1 and y is B1 then f1=p1x+q1y+r1 

Rule 2: if x is A2 and y is B2 then f2=p2x+q2y+r2                                    (1) 

where A1, A2, B1, B2 are membership functions for the inputs x and y respectively, 

whereas p1, q1, r1, p2, q2, r2, are the parameters of the output functions [27]. The 

corresponding ANFIS structure consists of five layers that are implemented by 

diverse functions of the nodes for training and by adjusting the parameters of a 

fuzzy system (Figure 3). Nodes located within the same layer have similar 

functions. The output of the i-th node within the layer l can be referred to as O1,i. 

The functioning of the presented ANFIS system can be graphically represented as 

follows [13]: 

 
Figure 3 

ANFIS architecture of the Sugeno fuzzy model with two inputs [13] 
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- Layer 1: The nodes of this layer generate membership functions for input 

variables. The output of the nodes O1,i is defined by the following 

expressions: 

3,4ifor          (y)μO

or  1,2 ifor            (x)μO

2i

i

Bi1,

Ai1,







                                                                (2) 

where x and y are inputs into the node, while Ai and Bi are fuzzy sets related 

to the observed node and are defined by the shape of their membership 

function. Membership functions Ai and Bi can be presented by the 

generalized “bell” function: 

   i2b
ii

i
/acx1

1
(x)μ


                                                                            (3) 

where ai, bi and ci are parameters that change the shape of the membership 

function μi(x) from the minimum value 0 to the maximum value 1. The 

parameters of this layer correspond to the parameters of the premise 

(hypothesis) of the fuzzy model. Outputs of the first layer are values of the 

membership function of the premise. 

- Layer 2: The nodes labelled with П make up the second layer, which means 

that the input signals in the node are multiplied and the output of the node 

O2,i presents a strength of the i-th rule wi which is calculated as follows: 

1,2i      (y)(x)μμwO
ii BAii2,                                                              (4) 

- Layer 3: In this layer the nodes labelled with N calculate the ratio of the 

strength of the i-th rule and the sum of strengths of other rules, while the 

normalized power of the i-th rule is obtained as follows: 

1,2i      
ww

w
wO

21

i
ii3, 


                                                                    (5) 

- Layer 4: The nodes of the fourth layer calculate the contribution of the i-th 

rule to the output of the system with the following node function: 

2 1,i    )ryqx(pwfwO iiiiiii4,                                                     (6) 

where  is the output of the third layer, while a set of parameters (pi, qi, ri) 

corresponds to the parameters of consequences. 

- Layer 5: This layer consists of one node that is denoted by ∑ and calculates 

the total output of the ANFIS as follows: 







i

i

i

i
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iii5,
w

fw

fwO                                                                           (7) 
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It may be noted that within the ANFIS architecture there are two adaptive layers, 

those being the first and the fourth layer. The parameters that are set within the 

first layer are connected to the input membership function (in the explained 

example those are parameters ai, bi and ci), the so-called premise parameters. 

Within the fourth layer, parameters that are set relate to the first-order polynomial 

(pi, qi and ri) and are referred to as consequence parameters [12, 13]. 

Neuro-fuzzy inference system is optimized by adapting the premise parameters 

and the consequence parameters in a manner as to minimize the defined objective 

function (most common, the difference between model outputs and actual 

outputs). The methods for improving the ANFIS parameters may include the 

gradient descent and Least Square Error (LSE) [13]. Chen (1999) compared the 

algorithms for training parameters in ANFIS membership functions [7]. The paper 

applied the hybrid learning algorithm that is a combination of the least square 

estimation and the back-propagation algorithms [13]. 

3.2 Model Development and Results Overview 

Developing the model that is presented in this paper has been implemented 

through the following stages (Figure 4): recording the mass service systems, 

creating a data set for training ANFIS, training ANFIS, establishing data for 

testing, and testing and evaluating the model. During the recording process, the 

following variables were included: the number of active handling channels, queue 

length (i.e. number of customers) and the speed of the service level 

(customer/min). These values are used as inputs to ANFIS. 

 

Figure 4 

A model for the waiting time estimation 

In preparing data for system training, it was necessary to modify the input size of 

the handling speed. Namely, the problem occurring is reflected in the fact that, 

when a customer accesses the queue, it is necessary to predict the service speed 

until the arrival to the service. Regarding this, the decision was to observe the 

service speed in segments of ten customers, for whom the average service speed 

was calculated. It was decided not to train the system with data on speed service 

that was recorded for each customer since in this manner the system would 

become too “sensitive” to this parameter. In other words, the prediction methods 

could not provide exact figures of the level obtained at the level of recording. The 

next phase in the observed model is the system training. The training of the system 

is realized in the ANFIS Editor GUI, within the software Matlab R2007b. 
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Applying the subtractive clustering method, with the default parameter values 

being the range of influence 0.5, squash factor 1.25, accept ratio 0.5 and reject 

ratio 0.15, the initial fuzzy training system was formed, i.e. Sugeno fuzzy model 

with three inputs (Figure 8). Each of the three inputs is associated with two 

membership functions (Figure 5, 6, 7). Membership functions in Figure 5, are 

defined by the following parameters: blue -  and red - . 

Membership functions in Figure 6, are defined by the following parameters: blue - 

 and red - . And the parameters for the membership function 

in Figure 7, are as follows: blue -  and red - . 

 

                      Figure 5                                          Figure 6                                      Figure 7 

      Number of active handling                        Service speed                               Queue length  

                     channels                                    (customer/min)                       (number of customers) 

The system is defined by the two-rule base, as well as by two output membership 

functions. The number of epochs for training the system is 300, while the hybrid 

algorithm for training is implemented. Features of the system are stabilized after 

20 epochs already to the RMSE value of 80 seconds. 

Altering the values of the initial set parameters for applying the subtractive 

clustering method does not bring any significant improvement related to the 

RMSE, even with the increase in the number of the membership functions (Table 

4). In the case of decreasing the value of the range of influence, the number of 

generated membership functions is increased. A little decrease in RMSE to 77 

seconds is observed, though the surface of the transfer function is dramatically 

disrupted. The similar situation applies to the alteration of other parameters in the 

direction of increasing the number of the membership functions. 

The graphical representation of the transfer function of the obtained system can be 

observed according to the pairs of input sizes: number of handling channels vs. 

service speed (Figure 9), number of handling channels vs. queue length (Figure 

10), and service speed vs. queue length (Figure 11). A good feature of the 

obtained surfaces is reflected in the fact that they do not have any peaks, that is, 

there is a bland transition on changing the input values. 
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Table 4 

RMSE as parameters in the subtractive clustering method 

range of 

influence 

squash 

factor 
accept 

ratio 

reject 

ratio 

number 

mf 
RMSE 

0.5 1.25 0.5 0.15 2+2+2 80.79 
0.4 1.25 0.5 0.15 3+3+3 81.07 
0.3 1.25 0.5 0.15 5+5+5 78.91 
0.2 1.25 0.5 0.15 10+10+10 78.14 
0.1 1.25 0.5 0.15 33+33+33 77.16 

 

                                   Figure 8                                                                         Figure 9 
           ANFIS structure of the proposed model                      Transition function for the input of  

                                                                                                 handling channels vs. service speed 

 

                                       Figure 10                                                                   Figure 11 
                  Transition function for the input of                         Transition function for the input of 

                  handling channels vs. queue length                            service speed vs. queue length 

After training the model, a new data set for the system testing was established. In 

addition to input values, the number of handling channels and the queue length, 

the value to be estimated was the speed of the handling system when the n-th 

customer approaches. The estimation of the speed rate was achieved using the 

simple moving average method, in a manner that the speed from 3 previous 

intervals of ten recorded data, each was considered. Data set for testing was 

reduced to 5376 due to the initial segments for the moving average method for 

each day. 
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In order to examine the degree of similarity of the developed model with the 

recorded conditions in the postal network unit, absolute errors simulated vs 

recorded were calculated. The distribution of errors is given in Figure 12, where it 

can be observed that the expected value of the error is 0.451 seconds with a 

standard deviation of 154 seconds. The level of similarity of the simulated and the 

recorded data is expressed with the coefficient of determination (Figure 13): 

                              (8) 

where Sr are the recorded values, while Ss are simulated values. 

In comparison to the data recorded, the simulated data of the represented model 

have RMSE of 154 seconds and the coefficient of determination with the value of 

0.826. 

Likewise, the model simulation was implemented with the moving averages of 4 

and 10 intervals, where the results obtained for RMSE were 158 sec and 167 sec, 

while the coefficients of determination were 0.817 and 0.796, respectively. 

9006754502250-225-450-675

Median

Mean

7.55.02.50.0-2.5-5.0

A nderson-Darling Normality  Test

V ariance 23888.463

Skewness 0.27375

Kurtosis 2.53519

N 5367

Minimum -673.403

A -Squared

1st Q uartile -82.137

Median 2.772

3rd Q uartile 79.537

Maximum 956.249

95% C onfidence Interv al for Mean

-3.685

37.12

4.587

95% C onfidence Interv al for Median

-0.898 6.919

95% C onfidence Interv al for StDev

151.690 157.540

P-V alue < 0.005

Mean 0.451

StDev 154.559

95% Confidence Intervals

 

Figure 12 

Distribution of the error values in Minitab 16 

 

Figure 13 

Comparison of recorded values and values obtained in ANFIS 
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The model used in the paper is the one with the moving averages from 3 previous 

intervals. It also possesses the advantage observed in the fact that too much time 

would not elapse before the model begins the estimation in comparison to the 

beginning of the working hours in the postal network unit for providing services to 

customers. Certainly, the sooner the estimation begins, a lower number of 

unsatisfied customers is to be expected since queuing appears to last longer to a 

customer with the lack of information on its duration compared to the customer 

with the known waiting time [19]. 

In continuation, the average waiting time per day was observed, as well as the 

values of average waiting times obtained by simulation. Table 5, provides the ratio 

of average waiting times that were recorded and average times obtained by 

simulation, where it can be observed that these values are very similar (maximum 

deviation is 17 seconds). 

The minimum average waiting time of 176 seconds was observed on the fourth 

day of recording, i.e. in the ninth day of the month when different inquiries 

influencing the increase in volume of financial services have not yet come to their 

due dates. During this day, the peaks related to the queue length reached the value 

of 7 customers at 9:50 and 11:30 in the morning. In the afternoon, the queue 

length reached a maximum value of 3 customers at 14:00, 15:00 and 18:00. 

Table 5 

Average waiting times recorded vs. simulated 

Day 1 2 3 4 5 6 7 8 9 10 11 12 
Average waiting 

time, 

recorded, sec. 

367 290 273 176 388 366 680 485 409 645 707 665 

Average waiting type 

of the model, sec. 
366 293 256 183 389 372 678 490 422 647 700 654 

The highest average waiting time was observed on the 11
th

 day of recording. The 

reason for this is reflected in the fact that it was the 17
th

 day of the month when 

diverse inquiries are due to be paid. Additional impact was caused by the situation 

that it was the last workday for most customers, and also by the fact that business 

policies of some companies provide their customers a certain discount for 

payments before the 20
th

 of the month. The maximum queue length in the morning 

reached a number of 24 customers at 10:30. In the afternoon, the longest queue 

was observed at 16:20, with 28 customers. As an average day, there is the 8
th

 day 

of recording. In the morning, the queue length reached the maximum value of 27 

customers at 11:30, while in the afternoon the maximum queue length was with 14 

users at 13:45. 

Conclusion 

This paper presents a model for estimating the waiting time based on ANFIS. The 

developed model shows a satisfactory result considering the value of the 

coefficient of determination R
2
= 0.826, as well as the value of RMSE of 154 
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seconds. The average waiting time recorded per day and the average waiting time 

obtained by the proposed model provide similar results (Table 5). Estimating the 

service time as the input value required an adequate modification (average value 

of 10 serving times, as well as the application of the moving average method), so 

that the proposed model would be more reliable to describe the observed queuing 

system. 

The contribution of the model is in providing information to both the customers 

and the management of the postal network unit. Providing information on the 

waiting time presents an additional quality of the service since customers can 

expect how much of their time to set aside, which makes the waiting process 

appear acceptable. The same information provides an opportunity for post office 

managers to manage a number of active counters in real time. In other words, by 

changing the parameters in the proposed system an adequate simulation can be 

implemented, which will then indicate whether a particular procedure is justified, 

i.e. whether the available resources are utilized in an optimal manner. 

Further development will be focused on estimating the number of consumers who 

will ask for a service at specified time intervals and, thus, provide a timely activity 

in order to try to prevent the congestion of the system. Further considerations may 

include the number of services to be observed in order to obtain an average speed 

of service in the observed time interval, as well as the number of sample intervals 

in estimating the service speed by using the moving average method. 
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