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Abstract: Although many numerical models have been proposed for unsaturated porous 
media, unrealistic assumptions have been made, such as the non-deformable nature of 
media, constant material properties, the neglecting of convection heat flow transfer, and 
static air phase. Most of these conditions are not justifiable for porous media with low 
hydraulic permeability and high swelling activity. In the present article, a fully coupled 
thermo-hydro-mechanical model is proposed that takes into account nonlinear behavior, 
including both the effects of temperature on dynamic viscosity of liquid water and air 
phase, and the influence of temperature gradient on liquid and air flows. Fully coupled, 
nonlinear partial differential equations are established and then solved by using a Galerkin 
weighted residual approach in space domain and an implicit integrating scheme in time 
domain. The obtained model is finally validated by means of some case tests for the 
prediction of the thermo-hydro-mechanical behaviour of unsaturated swelling soils. 

Keywords: multiphase flow; water transfer; unsaturated porous media; finite element; 
conservation; simulation 

1 Introduction 

Swelling porous materials are commonly found in nature as well as developed in 
industry. They are studied in many disparate fields including in soil science, in 
hydrology, in forestry, in geotechnical, chemical and mechanical engineering, in 
condensed matter physics, in colloid chemistry and in medicine. This article 
specifically focuses on unsaturated swelling clays, which are widely distributed in 
nature. In agriculture, water adsorption by the clay determines the ability of soils 
to transport and supply water and nutrients. Compacted bentonites play a critical 
role in various high level nuclear waste isolation scenarios and in barriers for 
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commercial landfills [1, 2]. In engineering and construction, swelling and 
compaction of clayey soils induce stresses which are very troublesome in 
foundation and structure buildings. 

The engineering behaviour of unsaturated soil has been the subject of numerous 
experimental and theoretical investigations [3-8]. Numerous researches have been 
undertaken on both the experimental and theoretical aspects of thermo-hydro-
mechanical transfer processes in porous media. Firstly, many of those studies have 
analysed the coupling behaviour on saturated media [9-11] based on Biot theory. 
Some of these investigations were founded on small temperature gradients 
assumptions and non-convective heat flow; further, no phase fluid change was 
taken into account and the physical material properties were constant. 

Finite element solutions for non-isothermal two phase flows of deformable porous 
media were developed by [12], where the pore-air pressure is atmospheric 
condition [13]. In most of the studies [9-12], temperature effect on dynamic 
viscosity and permeability were neglected. 

In the present article, a fully coupled thermo-hydro-mechanical model is proposed, 
which takes into account nonlinear behaviour, including the effects of temperature 
on the dynamic viscosity of both liquid water and air phases, as well as the 
influence of temperature gradient on liquid and air flows. The fully coupled, 
nonlinear partial differential equations are established and then solved by using a 
Galerkin weighted residual approach in space domain and an implicit integrating 
scheme in time domain. The obtained model has been finally validated by means 
of some case tests for the prediction of the thermo-hydro-mechanical behaviour of 
unsaturated swelling soils. 

2 Theoretical Formulation 

In this work a three-phase porous material consisting of solid, liquid and air 
requires consideration. A set of coupled governing differential equations are 
presented below to describe coupled multiphase flow in the soil. The model is 
based on combinations of equations or derivations from conservation principles 
and the classical laws of known physical phenomena for the coupled flow. 
Governing differential equations for pore water, pore air and heat transfer in 
unsaturated soil are derived as follows: 

2.1 Heat Transfer 

Considering heat transfer by means of conduction, convection and latent heat of 
vaporization effects, and applying the principle of conservation of energy, the 
following equation is derived: 
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Where φ  is the heat content of the soil and Q is the total heat flux, defined as: 
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where cH  is the specific heat capacity of the soil, T is the temperature, rT is the 
reference temperature, L  is the latent heat of vaporization of soil water, plC , 

pvC and paC  are the specific heat capacity of soil water, soil vapour and soil dry 

air respectively and Tλ is the coefficient of thermal conductivity of the soil. 

Three modes of heat transfer are included: thermal conduction, sensible heat 
transfer associated with liquid, vapour and air flow and latent heat flow with 
vapour. 

2.2 Moisture Transfer 

For the moisture transfer, the mass transfer balance equation, accommodating both 
liquid and vapour, can be expressed as: 
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where n is the porosity, ρ is the density, lS  is the degree of saturation, t is time 

and v the velocity. The subscripts l , a  and v  refer to liquid, air and water vapour 
respectively. 

In this simulation, a generalized Darcy’s law is used to describe the velocities of 
pore water and air: 
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where lK  and aK are the hydraulic conductivities of liquid and air, respectively, 

lγ  is the unit weight of liquid, aγ  is the unit weight of air, lu is the pore water 
pressure, au  is the pore air pressure, z is the elevation and ∇ is the gradient 
operator. 
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The hydraulic conductivities of water and air through soil may be expressed in 
terms of the saturation degree or water content as follows: 

)( lll SKK =  (7) 

),( alaa SKK η=  (8) 

where aη  is the dynamic viscosity of air. 

The water vapour density vρ  is evaluated from the thermodynamic assumptions, 
and when liquid and vapour phases are in equilibrium, it can be evaluated by the 
following relationship [14]: 

tv h.0ρρ =  (9) 

where th  is the total relative humidity calculated by the following expression: 
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and 0ρ  is the total saturated water vapour defined as [14]: 
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vR is the gas constant for water vapour end T is the temperature. 

2.3 Pore Air Mass Transfer 

Using Henry’s law to take account of dissolved air in the pore water, the following 
equation is derived for the dry air phase from the principle of mass conservation: 
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where, H is Henry’s volumetric coefficient of solubility and aρ is the dry air 
density. 

The dry air density aρ can be evaluated from Dalton’s law as: 

v
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R  and vR are the gas constants for dry air and water vapour respectively, and T is 
the temperature. 
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2.4 Constitutive Stress-Strain Relationship 

For problems in unsaturated swelling porous media, the total strain ε  is assumed 
to consist of components due to suction, temperature and stress changes. This can 
be given in an incremental form as: 

Ts dddd εεεε σ ++=  (14) 

where the subscriptsσ , s  and T  refer to net stress, suction and temperature 
contributions. 

The stress-strain relationship can therefore be expressed as: 

)( Ts dddDd εεεσ −−=′′  (15) 

where 
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where σ ′′  is the net stress and D is the elastic matrix. A number of constitutive 
relationships can be employed, for example an elasto-plastic constitutive 
relationship [15]. 

2.5 Coupled Equations 

This leads to a set of coupled, nonlinear differential equations, which can be 
expressed in terms of the primary variablesT , lu , au  and u  of the model as 
energy balance: 
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Mass balance: 
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Stress equilibrium: 

0=++++ dbduCduCduCduC uuauaTuTlul  (20) 

where ijK and ijC  represent the corresponding terms of the governing equations 

( uaTlji ,,,, = ) 
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3 Discretisation Techniques 

The numerical solution of the theoretical models commonly used in geo-
environmental problems is often achieved by a combination of numerical 
discretisation techniques. For the example presented in this paper, the finite 
element method is employed for the spatial discretisation and a finite difference 
time stepping scheme for temporal discretisation. 

In particular, the Galerkin weighted residual method [16] is used to formulate the 
finite element discretisation. An implicit mid-interval backward difference 
algorithm is implemented to achieve temporal discretisation since it has been 
found to provide a stable solution for highly non-linear problems [17]. With 
appropriate initial and boundary conditions the set of typically nonlinear coupled 
partial differential equations can be solved. 

Applying a Galerkin formulation of the finite element method, we obtain a system 
of matrix equations are as follows: 
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To solve equation (21), a general form of fully implicit mid-interval backward 
difference time stepping algorithm is used to discretise the governing equation 
temporally. Therefore equation (21) can be rewritten as: 
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( )nϕ  is the level of time at which the matrices K, C and J are to be evaluated and 
is given by: 

( ) { } ( ){ }nnn ϕωϕωϕ −+= + 11  (25) 
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where ω  is integration factor, which defines the required time interval ( [ ]1,0∈ω ) 
and 1,5.0,0=θ  for backward, central and forward difference schemes, 
respectively. 

For a mid-interval backward difference scheme, 5.0=ω and 0=θ . Therefore, 
equation (24) reduces to: 
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Eq. (26) may be rewritten in alternate form as: 

{ } { } { } { }05.0
1

5.015.0 =+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

Δ
−

+ +
+

+++ n
nn

nnn J
t

CK ϕϕϕ  (27) 

A solution for { }1+nϕ  can be obtained provided the matrices K, C and J at time 
interval ( 5.0+n ) can be determined. This is achieved by the use of a predictor-
corrector iterative solution procedure. 

4 Applications and Results 

4.1 Example 1 

4.1.1 Problem Definition 

The following example is investigated to demonstrate swelling pressure 
calculation by using the back hydro-mechanical model. The simulation begins 
with isothermal two phase flow coupled with deformation. Free extension is 
allowed at the first stage to calculate the free extension displacement on the 
boundary. The geometric set-up and boundary conditions are as shown in Fig. 1. 
The example is a compacted bentonite block, 0.025 m length and 0.024 m height. 
The element discretization is mx 00125.0=Δ  and my 00124.0=Δ , eight nodded 
composed elements. The initial conditions of the system are: atmospheric air 
pressure and liquid saturation 357.0=lS . A water solution enters the sample 
from the bottom under pressure described by the curve in Fig. 2. The 
corresponding part on the boundary is fully saturated. 
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The material properties for this example are based on data in the literature [18, 1] 
and summarized in Table 1. The deformation under free extension conditions is 
assumed to be non-linear elastic. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1 

Model set-up of the example 
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Figure 2 

Curve of the liquid pressure on the boundary 
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Symbols        functions and constants                     Units          

lρ                        1000                                            Kg/m3 

gρ                        1.26                                            Kg/m3 

sρ                        1600                                           Kg/m3 

lS                                  ( )( )[ ]la uu −×−−− −71020.1exp185.01  

lμ                         31020.1 −×                                      Pa s 

gμ                        51080.1 −×                                       Pa s 

lK                       
( ) ]103.11[

102.1
7.110

12

lal uu −×+

×
−

−

μ
              m/s 

aK                       ( )[ ] 0.319 1103.1 l
a

a Se −× −

μ
γ

                 m/s 

n                          0.37 

0S                        31.80                                            m2/g 

E                          3.5                                                MPa 

ν                           0.3 

rT                          293                                               °K 

Table 1 
Porous medium properties [18, 19] 
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4.1.2 Results and Discussion 

The simulation results of the free extension processes after s5108.5 × (6.7 days) 
are shown in Figs. 3 and 4. With the intrusion of water from the bottom, the 
saturation process starts. This phenomenon can clearly be seen from the saturation 
evolution profile along the vertical symmetric axis (Fig. 3). At the early stage, the 
value of liquid saturation increases quite fast. After s5109.4 × (5.7 days) the liquid 
pressure on the bottom sinks at s5100.5 × (5.8 days) reaches zero. Because of the 
low permeability of bentonite, the liquid pressure at the centre of the specimen 
sinks slower, which results in the higher pressure region in the specimen after 6.7 
days as shown in Fig. 4a. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 
Computed profiles of liquid saturation along the vertical symmetric axis 
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Figure 4 
Simulation results of the free extension process 

(a) Distribution of liquid pressure, (b) Distribution of liquid saturation 

With the intrusion of water, the sample begins to expand. After 6.7 days, the shape 
of the specimen should be as shown in Fig. 5. The maximal width of the specimen 
increases about 20% (Fig. 5). In this example, experimental data from free 
swelling tests for compacted bentonites were used [18]. 
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Figure 5 
Simulated shape of the sample, and distribution of liquid saturation for material at t = 5.8x105 s 

4.2 Example 2 

4.2.1 Problem Definition 

The model has been verified through simulating a test problem of bentonite tested 
in laboratory conditions [20]. The compacted bentonite was planned to be used to 
limit the flow velocity of groundwater in the near field of a geological repository 
for radioactive waste. The sample of bentonite has a height of 203 mm. To 
minimize heat losses, the cell was insulated with a heat-proof envelope. Heat was 
applied at the bottom plate of the cylinder while the temperature at the other end 
was kept constant and equal to 20°c. A maximum temperature of 150° was 
applied. A constant water pressure was applied to the end opposite the one where 
the temperature variation was prescribed. Constant volume conditions were 
ensured in the test. The main variables that were measured during the test include 
temperature, relative humidity and total axial stress. The model geometry is the 
same as the sample with the height equal to 203 mm. The temperature variation at 
the bottom end of the model is as specified during the test; it was raised in steps 
until reaching 150°c. The temperature at the top end of the specimen was kept 
constant at 20°c. The other surfaces are adiabatic. 

According to the test procedure, the hydraulic boundary condition is impermeable 
for all surfaces of the model. The gas pressure is equal to the atmospheric 
pressure. The initial value of porosity is 0.3242, initial temperature is 20°c, initial 
gas pressure is 0.10132 MPa and the initial stress of sample is 0.5 MPa. The initial 
values were obtained according to the measured data from the experiments [19]. 

According to the measured data from the bentonite [20, 21, 22], the intrinsic 
permeability is 1.0E-21 m2 and the specific heat capacity of solids is 920 J/Kg. 
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4.2.2 Results and Discussion 

Fig. 6 shows the comparison between measured temperatures as a function of 
time. At the bottom end of the sample, the measured and simulated temperatures 
agree well. At the top end of the sample, the simulation underestimates the 
temperature slightly at the initial heating stage, but trends generally agree well. 
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Figure 6 

Comparison of results between the simulated and measured temperature at different locations (heights) 
of the sample as function of time 

The good agreement between the simulated and measured temperatures indicates 
that the model can simulate the thermal response of processes having high 
temperature gradients. Numerical simulation shows that the thermal conductivity 
of bentonite, treated as a multiphase material, plays an important role in the 
thermal response of the whole medium. The numerical results can be further 
improved if the effects of the material heterogeneity can be quantified during 
testing. 

The simulated results of the vapour pressure are shown in Fig. 7. Although there 
are no measured results with which to compare, it shows that the variation of 
vapour pressures is realistic. 
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Figure 7 

The simulated results of vapour pressure 

0

2

4

6

8

10

12

09/05/2003 28/06/2003 17/08/2003 06/10/2003 25/11/2003 14/01/2004 04/03/2004 23/04/2004 12/06/2004 01/08/2004

Time (days)

A
xi

al
 s

tr
es

s 
(M

Pa
)

Simulated Measured

 
Figure 8 

Comparison of results between simulated and measured axial stress 

The evolution of the axial stress was also reasonably well simulated (Fig. 8), in 
trend and magnitude. Numerical calculation shows the results of stress strongly 
depend on the constitutive relationship between stress and strain. More 
comprehensive development of the material models is needed to further improve 
the numerical capability of the code, such as elastoplastic models for example. 
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Conclusion 

A fully coupled thermo-hydro-mechanical model is proposed, which takes into 
account nonlinear behaviour including the effects of temperature on dynamic 
viscosity of both liquid water and air phases, and the influence of temperature 
gradient on liquid and air flows. A set of fully coupled, nonlinear partial 
differential equations were established and then solved by using a Galerkin 
weighted residual approach in the space domain and using an implicit integrating 
scheme in time domain. A range of simulation results has been presented detailing 
the hydraulic and thermal behaviour of expansive soil. The simulation results have 
been compared with the experimentally measured results and it was shown that a 
good correlation was found in the hydraulic regime and a reasonable correlation in 
the thermal field. The results of the validations indicate that the model is general 
and suitable for the analyses of many different problems in unsaturated soils. 
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